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Abstract 

In this paper we provide an analytical procedure for explicit calculation of the left and right invariant 
vector fields and one-forms on SU{N) manifold. The calculations are based on the coset parametriza- 
tion of SU{N) group. The results enable us to calculate the invariant measure or Haar measure on 
the group. As an illustrative example, we calculate invariant vector fields and one-forms on 517(2) 
group. 

Keywords: Differential geometry on SU{N); invariant vector fields; invariant one- 
forms; invariant measure; Coset parametrization 
PACS numbers: 03.65.-w; 02.40.Ky 



1 Introduction 

Because of the various applications of the group of unitary transformation in physics, there 
is a great deal of attention in investigation of the properties of the unitary group SU{N). In 
view of such considerable interest a lot of work has been devoted to describe and parameterize 
SU{N) manifold. A generalized Euler angle parametrization for SU{N) and U{N) groups is 
given by Tilnia and Sudarshan [1, 2]. Di^a has provided a parametrization of unitary matrices 
based on the factorization oi N x N unitary matrices [3, 4]. Using this parametrization he 
has provided an explicit parametrization for general TV-dimensional Hermitian operators that 
may be considered either as Hamiltonian or density matrices [5] . The subgroups and the coset 
spaces of the SU{3) group are also listed in [6] along with a discussion of the geometry of the 
group manifold which is relevant to the understanding of the geometric phase. 

The differential geometry on unitary groups is also an important task in theoretical physics. 
To achieve this it is important to having a parametrization to construct differential geometry 
for any unitary group. Byrd [7] has calculated the left and right invariant vector fields and 
one-forms on SU(3) group. His calculation is based on the Euler angle parametrization for 
the SU(3) group. He has used the invariant one-forms on SU{3) group, and has studied the 
geometric phase over the space of 3-level quantum systems. On the other hand, based on the 
Euler angle parametrization of SU{3) group and the result of [7], Panahi et al [8] have obtained 
a two-dimensional Hamiltonian on S'^ via Fourier transformation over the three coordinates 
of the SU{3) Casimir operator defined on SU{3)/SU{2). Also by using the parametrization 
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of SU{3)/SU{2) given in [6], they have constructed right invariant vector fields and the 
Casimir operator on symmetric space SU{3)/SU{2) and have obtained the two-dimensional 
Hamiltonian of a charged particle on S*^ in the presence of a an electric field [9] . 

In this paper we present an analytical procedure for calculation of the left and right 
invariant vector fields and one-forms on SU{N) group. This calculation is based on the coset 
parametrization of SU{N). We also use the possibility of factorizing each coset component 
in terms of a diagonal phase matrix and an orthogonal matrix [4, 10]. By using this coset 
parametrization, we have recently given an explicit expression for the Bures metric over the 
space of three- level [11] and iV- level [12] quantum systems. This parametrization is convenient 
for many calculations, in the sense that by using the coset parametrization the calculation 
can be done in a unique manner for every N. Furthermore the coset spaces appear in physics 
in several contexts, and provide an elegant way of reducing a high-dimensional theory to a 
lower-dimensional one. This paper, therefore, can be regarded as a further development in the 
explicit calculation of the differential geometric structure of SU{N). The results of the paper 
can have applications in studying the geometric phase over the space of A'^-lcvel quantum 
systems, and also in the context of constructing Hamiltonian on some coset spaces of SU{N) 
group. 

The paper is organized as follows: In section 2, we review briefly the Lie algebra of SU{N) 
and introduce the generalized Gell-Mann matrices as generators of the algebra. The coset 
parametrization for SU{N) is introduced in section 3. In this section we also obtain a formula 
for the volume of this group. Based on the coset parametrization, we provide in section 4, 
a method to construct the left and right invariant vector fields and one- forms on SU{N) 
manifold. In this section we also obtain the invariant measure or Haar measure on the group. 
As an illustrative example we obtain the differential geometry on SU{2) in section 5. The 
paper is concluded in section 6 with a brief conclusion. 



2 Preliminary: Lie algebra of SU{N) 

The group SU{N) of N x N unitary matrices with unit determinant is generated by the 

N'^ — 1 Hermitian, tracclcss N x N matrices, that make the basis for the corresponding Lie 
algebra su{N). By choosing the normalization condition Tr(TiTj) = ^6ij for generators, we 

can write the {N — 1) diagonal generators {Laija^n i-^- Cartan subalgebra, as ([13], page 
114) 

1 \ 

V2ai(ai + 1) J 

and the remaining A''(A'' — 1) non-diagonal generators (for m = 2, • • • , A'') as 

follows 

(<5a„,fc<5m,i + Sa^,lSm,k) for = 1, • • • , TO - 1 

-Y {Sa,n-m+l,kSm,l - Sa,„-m+l,lSm,k) for = TO, • • • , 2(to - 1) 

In the following sections, we set the range of indexes asai = 1, ■ ■ ■ , N — 1 and am = 
1, • • • ,2(to — 1) for to = 2,--- ,N. The above su{N) basis is the generalized Gell-Mann 
matrices, and therefore, for the case oi N = 2 we get the Pauli matrices 

(i)_ / 1 \ ^(2)_ 1 / 1 \ ^(2)_ 1 ^ -i 



^1 - i -1 J ' ^1 - 2 I 1 J ' ^2 - 2 I i 
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Also for iV = 3 we get the usual GcU-Mann matrices 




(1) _ 



^2 



r(2) 
^2 




, , 1 \ , / 

= l 0, 4^)=1 1 

^*ioo/ ^Voio 



^l^) = ^ I 







1 




3 Canonical coset parametrization of SU{N) group 

In this section we provide a parametrization for SU {N) group that will be useful in calculating 
the differential geometry on the group manifold. The parametrization is based on the coset 
decomposition of unitary matrices. 

3-1 Coset factorization of SU{N) group 

For every element U € SU{N), there is a unique decomposition of U into a product of N 
group elements as [14] 

U = 0(JV;iV)Q(JV-l;iV) . . . ^{2;N)^{l;N)_ (3) 

In the above factorization we have 

where the (A'' — l)-dimcnsional torus T^~^ is the product of A' — 1 spheres =T^. A typical 
element for il^^'^") can be represented as 

f2(i'^) = Exp(%l(')) Exp(ir?24'^) • • • Exp(jr?^_iLj^Li), (5) 

where rja^ for ai = 1, • • • , A' — 1 are real parameters and Lai are Cartan generators defined 
in equation (1). The explicit form for Q^^'^) can be expressed as 



with T]o = 0. Also in decomposition (3) we have the cosets 

r.Jm;m. U{m)^T^- ^ = 2 • • • AT (7) 



N-l 
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A typical coset representative f2(™;^) can be written as 

Q{m;N) 



SU{m)/U{m-l) 





0'^' 


iN-m 



(8) 



where O represents the to x {N — m) zero matrix, is its transpose and In-th denotes the 
unit matrix of order {N — m). The 2(m — l)-dimensional coset space SU{m)/U{Tn — 1) has 
the following m x m matrix representation ([14], page 351) 



SU{m)/U{m-l) 



cos y/B("'){B(-^)]'! 


p(„)sinV[B('")]ti3('") ' 

^[B(™)]tB('") 




cosv'[-B('")]tS('") 



(9) 



where B^™) represents an (m — 1) x 1 complex matrix and is its adjoint. 

3-2 Factorization of coset fi( 

Now by parameterizing the complex vector _b(™) as (7|'"''e*^i ' , 72'"''e'^2 , 7„jl']^e 



for TO = 2, • • • , A^, where and are real numbers, the component fj'™'^) can be 

factorized as 



^(m;iV) ^ ^(m;Ar)_^(m;Ar)^(m;JV)t m - 2, 3, • • • , A^, 



where X*^™'^^ is a diagonal N x N phase matrix with Xi 



{m;N) _ 



k.l 



Sk.iexpii^i""^} and i 



(10) 



(m) _ 



for i > m, and i^f™-^) is an A?^ x A^ orthogonal matrix with the following nonzero elements 
i?(7=^) = 5,,^. + 7|'")7r^ (cos 7('") - 1) for 1 < i , j < m - 1 



r,{m;N) _ _ n(m;JV) 
COS 7^ 



'2,m 
r>{m;N) 

(m;N) 



71"*^ sin7('") 



for 1 < i < m — 1 



R 



1 for TO + 1 < i < AT, 



(11) 



where we have defined 7!"^ = 7l'"V7^'"^ and 7('") = v^SWjTBW = \/E7L'i\iI"'^V- As 
we will see later the important ingredient of our approach in computing the vector fields and 
one- forms is the possibility of writing the factorization (10). 



4 DifTerential geometry on SU{N) 

In this section we will find difl:erential operators corresponding to the generators of SU{N) 

group. To this aim, we first define {o^m = 1,2, ••• ,2(to — 1)) as the 2(m — 1) real 
parameters of the coset component O^"*'^) (m = 2, • • • ,N) such that 

7!™^ for a„ = l,-- -,771-1 

Xt^ = <! ^ (12) 
for a„ = m, • • • , 2(to - 1). 



Geometry of SU{N) 



5 



4-1 Left invariant vector fields and one-forms 

Now in order to calculate left invariant vector fields, we first take derivatives of the group 
element U{r]a-i , xi™') "w^ith respect to each set of parameters rjai and Xa^i and write the result 
of differentiation as 

where the matrices A^^ and are define by 

4V = ^^^•"^'^ = <^ (14) 

°'m I „ (m) I ^ ^ 

with 

and the anti Hermitian matrix [ dn[_^__J_Q{m,N)^ J ^j^g following nonzero matrix elements 





„]V) 




™) 




„N) 




■n) 
m 




„N) 






an'™ 


„N) 


^71' 


■n) 
m 



r<ra,s<m 



r<m,m 



cos 7 — 1 
7 



= e 



(17) 



r<m,m 



= 0, 



and also the matrix ^ ^^^7^7' ^^""'^^^^ defined by 



( ^S^"^'"^''^') = ^-^..a.^^,.. - ^i?(-^jr)i?i-^ir)e^«^"'-«^""). (18) 

The matrices Aa} and ^L™'' can be expanded as a linear combination of the Lie algebra basis 
(1) and (2) as follows 

N-l N 2(m'-l) 

- E4\14?+E E «S24:?' (19) 

/3i = l m'=2 /3„/ = l 

AT-l AT 2(m'-l) 

= E«i:14?+E E «S>£?- (20) 

/3i = l m'=2 fl 
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The coefficients of the above expansion can be obtained from the orthogonality of the gener- 
ators of the Lie algebra. We obtain the following results 



a 
a 



(1,1) 

(l,m) 
ai,/3m 



= iSo 
= 



,(™.i) 



(m,m') 



V2/3i(/3i + 1) 
(At') 



E(4 



(m) 



vi=i 



V """//Ji+iA+i 



(21) 
(22) 

(23) 



+ ) for Pm'=l,- 



, m • 



m' ,0^ 



(^"™%,™J ^m' =m',--- ,2(m-l) 



(24) 



Therefore by choosing the following order for coordinates 
we can define the matrix A by 



AN) . 

SJV-IJ • 



(25) 



A = 





(1,2) 


(1.3) 

a 4 

Ml .P3 




(l,^') 


(2,1) 


(2,2) 
"0:2, & 


(2.3) 
"a2,/33 




(2, AT) 
°'a2,/3]v 


(3,1) 


(3.2) 
"a3,/32 


(3.3) 
"as, ft 




(3,7V) 














(A/,2) 


(W.a) 




aN,0N 



(26) 



With the help of this matrix the differential operators are related to the Lie algebra generators 
as follows 

d/dr]„, \ ( L^^^ \ 
A 

d/dxt 



L 



{rn 



(27) 



Now by tacking inverse of the matrix A, the left invariant vector fields on SU{N) group can 
be obtained by the following equation 



= A- 




(28) 



Now in order to calculate the left invariant one-forms, we first expand them in terms of 



the basis dr]^^ and dx^, 



(m) 



N-1 N 2(m'-l) 

/9i = l m'=2 /3„/=l 

N-1 N 2(m'-l) 

EJ™,1) _l_ \ " J™,™') J.,,(™') 



(29) 

(30) 
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By using the fact that left invariant one-forms arc dual to the left invariant vector fields, i.e. 

wc find that C"^ [A^^) = I and therefore, we have C = . Consequently, the left invariant 
one-forms are obtained by tacking the transpose of the matrix A, i.e. 



, , , J • (31) 



4-2 Right invariant vector fields and one-forms 

Now in order to calculate right invariant vector fields, we first take derivatives of the group 
element U {rja^ , xi™') with respect to each set of parameters r/c«i and Xa^\ and write the result 
of differentiation as 

where the matrices Aai and a'^ are define by 

^(m) = w^m,N) W^m,Ny, (34) 



with 

and 



and the anti Hermitian matrix ^ O^'"'^^^^ has defined in equation (17). 

The matrices ^4^1^ and ^L™' can be expanded as a linear combination of the Lie algebra 

JV-l N 2(m'-l) 

= E«S4?+E E «S>£?' (36) 

/3i = l to'=2 /3„/ = 1 

Af-1 N 2(m'-l) 

« = E«i:'i4?+E E (37) 

/3i = l m'=2 
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The coefRcients of the above expansion can be obtained from the orthogonahty of the gener- 
ators of the Lie algebra. We obtain the following results 



~(i>i) 



~(l,m) 



-(m,l) 



(liV) \ for pm = l,- 

(IW) -(liV) \ for pm = m,- 

^ ( V ( - 5i f If™)") 



, m — 1 



,2(m-l) 



(38) 



(39) 



(40) 



_. { (!(.;>) _ (IS) 



for =!,••• ,m- 1 



for /3„ 



m 



,2(m- 1) 



(41) 



By choosing the coordinates order given in (25), we get the following representation for matrix 
A 

\ 





~(1,2) 


.(1,3) 
"a, ,/3n 




-(1,W) 


~(2,1) 


^(2,2) 
"a2,/32 


~(2.3) 
"a2,/33 




~{2,7V) 

a fl 

a2:PN 


-(3,1) 


-(3,2) 


-(3,3) 




~(Z.N) 
















~{N,3) 




~(N,N) 



(42) 



where can be used to write the differential operators in terms of the Lie algebra generators as 

(43) 









\ 












j{m') 


I 



Consequently, the right invariant vector fields on the SU{N) group can be obtained by the 
following 



(44) 



Finally, similar to the case of left invariant one-forms by defining as the transpose of 
A, the right invariant one-forms can be written as 













1 \ a/BxS J 



3(1) 

(m') 



d??ai 
J (^) 



(45) 
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4-3 Invariant integration measure 

Invariant measure, or Haar measure, on the SU (N) manifold can be obtained by tacking the 
wedge product of the left or right invariant one-forms^ The result is, of course, equivalent by 
tacking the determinant of the matrix A (or matrix A because of the fact that left and right 
invariant measures on SU{N) are equal), where we get 

JV-l N m-l 

dfi[SUiN)]=I)et{A) J] dr]c, J] 11 d7a^d^a^- 

ai=l m=2aTn=l 



5 An example: The SU{2) group 

In this section we consider for more illustration the case oiN = 2 explicitly. In this particular 
case we have three parameters 7} and , where for the sake of simplicity we set them 
as T], 7 and ^ respectively. In this case we see that 



0(2;2) 
and therefore 



We also find 
Af^ = 



cos 7 
-e^*^ sin 7 



e*^ sin 7 
cos 7 



1^(2.2) 



cos 7c 



c"?/2 



sin 7 











4(2) _ 
^2 — 



sm 7 cos 7e' 



-iri/2 



—ism 7 



zsm7cos 7e" 



I sm 7 cos 7e 
i SVC? 7 



where can be used to write the matrix A as 





i 













2i sin — Til) 


2i cos — rj) 




— cos 27) 


i sin 27 cos — rj) 


—i sin 27 sin — 77) 



with the following inverse 





—i 










—i cos — r]) tan 7 
i sin — 77) tan 7 


-|sin (C-77) 
-|cos i^-v) 


—i cos — 77) esc 27 
i sin — 77) CSC 27 



These two matrices can be used to obtain the left invariant vector fields as 



d 



did 
-icos(^-77) tan7— - 2^^"^^^ ^ '^''d^ -icos{£,-Tj) esc 27— , 

did d 
i sin - 77) tan7— - - cos - 77) — + i sin - 77) esc 27^, 



and the left invariant one-forms as follows 

LOi'^ = idr] — i{l — cos27)d^, 

,(2) _ 



u>\ ' = 2i sin — ?7)d7 + i sin 27 cos — ?7)d^, 

(2^ 

0^2 = 2icos(^ — ?7)d7 — isin27sin — r7)d^. 
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For^calculation of the right invariant vector fields we note that in this particular case we 
have = q(2;2) ^^^^ p^(2;2) ^ j ^^^^ therefore we find 



(1) 



■ cos 27 



■ sin 27e'^ 



sin 27e *^ cos 27 



(2) 





-e-^« 



e^« 




r(2) 



i sin^ 7 
-i sin 7 cos 7e" 



I sm 7 cos 7e 
— i sin^ 7 



We then obtain the matrix A and its inverse A ^ as 
A = 



and 



i cos 27 


—2 sin 27 cos 5 


i sin 27 sin ^ ^ 





2i sin ^ 


2i cos ^ 


i{l — cos 27) 


i sin 27 cos ^ 


— isin27sin^ J 







—i 


i cos ^ tan 7 


-fsin^f^ 


—i cos^l^' cot 27 


^ — isin^tan7 


— I cos ^ 


i sin ^ cot 27 



where can be used to obtain the right invariant vector fields 



(1) 



d 



d 



^ drj * 9^ ' 
icos^tan7|^-^sine^ 



i cos ^ cot 27 



did d 
= — jsin^tan7— — - cos^ — ^+isin^cot27 



dr] 



d_ 
d 



and the right invariant one-forms 
r,(i) 



'(2) 



i cos 27d77 + i{l — cos 27)d^, 
—i sin 27 cos ^dry + 2i sin ^d7 + i sin 27 cos ^d^, 
— « sin27sin^d77 + 2i cos^d7 — j sin27sin^d^. 

Finally, the invariant measure of this group is also obtained as 

dn[SU{2)] = 2sin27d?7d7dC. 



6 Conclusion 



In this paper we present a method for explicit calculation of the left and right invariant vector 
fields and one-forms on SU{N) manifold. The calculations are based on the coset parametriza- 
tion of the unitary group SU{N). It is shown that in the canonical coset parametrization, the 
invariant measure on the group manifold is decomposed as the product of the invariant mea- 
sure on the constitute cosets. The advantage of this approach is the possibility of calculating 
explicitly the differential geometry on SU{N) for every N, in the sense that by knowing N, it 
is enough to construct the matrix A and then taking the transpose and inverse of this matrix, 
which are not difficult task to handel. As an illustrative example we calculate explicitly, the 
differential structure on SU{2) group. 
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